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Abstract. We study nonlinear structure formation in the Bound Dark Energy model (BDE),
where dark energy (DE) corresponds to a light scalar meson particle φ dynamically formed at
a condensation energy scale Λc. The evolution of this dark-energy meson is determined by the
potential V (φ) = Λ4+2/3c φ−2/3, with a distinguishing phenomenology from other quintessence
scenarios. Particularly, the expansion rate of the universe is affected not only at late times,
but also when the condensation of φ occurs, which in linear theory leads to an enhancement
(with respect to standard ΛCDM) of matter perturbations on small scales. We study how
much of this signature is still present at late times as well as the properties of dark matter
halos in the nonlinear regime through N-body simulations. Our results show that nonlinear
corrections wash out this feature from the matter power spectrum even before DE becomes
dominant. There is, however, a small but clear suppression of the BDE spectrum of 2%
today on the largest scales due to the distinct late-time dynamics of DE. The differences
on the clustering power between BDE and ΛCDM are reflected in the halo mass function,
where small halos are more abundant in BDE as opposed to large heavy structures, whose
formation is delayed because of the expansion history of the universe. This result is well
captured by the semi-analytical Sheth-Tormen formula. However, despite these differences,
the halo concentration parameter is essentially the same in both models, which suggest that
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1 Introduction
Research done over the last twenty years has firmly established that the universe is currently
expanding at an accelerating rate [1–3]. Assuming that General Relativity still provides an
accurate description of gravity on cosmological scales, the late-time cosmic acceleration can
be interpreted as the dynamical effect on the motion of galaxies and structures because of the
pressure exerted by dark energy (DE), which in the standard concordance model (ΛCDM) is
fully characterized by a cosmological constant, Λ. The cosmic abundance of DE is constrained
to about 70% of the energy content of the universe at present time, while 26% consists
of Cold Dark Matter (CDM) and the remaining 4% is left to the Standard Model (SM)
particles [4]. Despite the success of the concordance model in providing a simple theoretical
framework to account for observations, the physical nature of DE is still a mystery. The main
problem in attributing DE to a cosmological constant is the disturbing discrepancy between
the theoretically predicted estimations of Λ and its observed value, an issue that is commonly
referred to as the fine-tuning problem [5–7]. The inability of standard physics to explain
this discrepancy impels the quest of alternative DE candidates, such as quintessence [8, 9],
modified gravity theories [10], and other theoretical scenarios [11, 12].
The progress made in observational cosmology since the discovery of the cosmic acceler-
ation now allows us to assess the viability of these alternative scenarios as well as to look for
deviations with respect to ΛCDM that may be detectable in the future. Such departures from
standard ΛCDM may be looked in the Large Scale Structure (LSS) of the universe, where
DE is expected to leave imprints by its effects on the expansion history and the presence of
DE perturbations [13–16]. In recent times N-body simulations have become a powerful tool
to explore the impact of DE on the distribution of matter across the universe, the formation
of cosmic structures and their dynamical properties [17, 18]. These simulations serve as nu-
merical laboratories to study physical processes on scales where linear perturbation theory is
no longer valid. The increase of computational power and the development of more efficient
algorithms make it now possible to run large N-body simulations within a reasonable period
– 1 –
of time and consequently it paves the way for a systematic study of different DE scenarios
[19–26].
In this paper we study structure formation in the Bound Dark Energy (BDE) model
[27–32]. BDE is a quintessence theory aiming to explain the nature of DE through a nat-
ural extension of the SM. Inspired by supersymmetry and unification schemes, the model
introduces a hidden dark gauge group (DG) of light particles coupled with the SM sector
only through gravity below the unification scale. At high energies the gauge coupling of the
DG is weak and the energy density of these light particles dilutes as radiation. When the
temperature drops off and a critical energy density scale Λc is reached, the gauge coupling
of the DG becomes strong and now these particles condense into composite states. DE is
the lightest composite state corresponding to a scalar meson φ whose dynamical evolution
is determined by an inverse power-law potential (IPL) V (φ) = Λ4+2/3c φ−2/3. The conden-
sation energy scale Λc, the exponent α = 2/3 of the potential and the epoch ac where the
condensation of the scalar meson φ occurs are not free cosmological parameters, but they are
derived quantities determined by the properties of the DG. Moreover, the initial conditions
of the BDE field at ac are also determined by the symmetry breaking scale Λc of the DG
and therefore the amount of DE at any time can be straightforwardly predicted from the
solution of the background equations. Unlike other quintessence theories, in this scenario the
scalar field representing DE is not a fundamental entity in nature, but it results from the
interaction between particles that have the same primitive status as the other fundamental
particles of the SM. Therefore, even tough the BDE potential turns out to be a particular
case of the well-known Ratra-Peebles IPL potential V (φ) = M4+αφ−α [33–35], BDE entails
a complete different cosmological scenario, where the dynamical evolution of DE, its effects
on the expansion history of the universe, and the implications of the model are not the same.
We developed these ideas and presented the constraints on the BDE model in [31, 32].
Our analysis focused on the predictions arising from the background dynamics and the linear
perturbation theory. BDE fits well the data, particularly Baryon Acoustic Oscillations (BAO)
measurements, where we found a systematic better fit than standard ΛCDM leading to inter-
esting tensions that might be useful to discriminate between these two scenarios. Additionally,
we also found interesting imprints on the matter power spectrum, where the condensation of
the scalar BDE meson leads to an enhancement of power on small scales, while the power
on large scales is suppressed by the late-time dynamics of DE. In view of the importance of
LSS studies on DE research in the forthcoming years, here we extend our previous work to
investigate the clustering of matter in the BDE model in the nonlinear regime.
This paper is organized as follows. In section 2 we make a general review of BDE.
This review comprehends the theoretical insights and the basic equations of the model, the
discussion of some interesting deviations with respect to ΛCDM, and the description of the
DE dynamics and its effect on the cosmic expansion. In section 3 we analyze the evolution
of matter perturbations first in the linear theory, and then we study the transition to the
nonlinear regime according to the spherical collapse model. We study the nonlinear regime
in section 4. We describe the setup of our N-body simulations and present our results on the
matter power spectrum, the halo mass function, and the concentration parameter. Finally,
we summarize our findings and state our conclusions in section 5. Here we adopt the usual
notational conventions found in the literature. Particularly, a denote the scale factor of
the universe, which is related with the cosmological redshift z by 1 + z = 1/a for a flat
Friedmann-Lemaître-Robertson-Walker (FLRW) metric, G is the gravitational constant, and
overdots denote cosmic-time derivatives.
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2 The Bound Dark Energy model
Our Dark Energy model [27–32] introduces a supersymmetric SU(Nc) gauge group of light
particles with Nc = 3 colors and Nf = 6 flavors in the fundamental representation. Since this
Dark Group is postulated as an extra ingredient of the constituents of matter, neither Nc nor
Nf represent cosmological free quantities, but they are input parameters whose fundamental
status is the same as the other input parameters of the SM. The DG is unified with the SM
sector at the unification scale ΛGUT ≈ 1016GeV, below which they interact only via gravity.
At high energies the gauge coupling of the DG is weak, so the light particles of the group are
asymptotically free and the DG contributes to the total amount of radiation of the universe.
The gauge coupling of the DG evolves over time growing at low energies as the universe
expands and cools down. When a critical energy scale Λc is reached at a scale factor ac
(related each other by acΛc/eV = 1.0939 × 10−4 in a 3 massless neutrino species scenario),
the coupling becomes strong and the particles of the DG bind together forming composite
states. The lightest formed state corresponds to a scalar meson described by a real scalar
field with an IPL self-interaction term
V (φ) = Λ4+2/3c φ
−2/3. (2.1)
This meson represents DE and it is precisely the aforementioned binding mechanism where
the name BDE is given to our dark energy model.
After the particles of the DG condense into BDE, the extra relativistic degrees of free-
dom of the DG vanish and the cosmological evolution of the scalar field is analytically de-
scribed by the canonical quintessence formalism [8, 9]. The evolution of the scalar field at





with a frictional term depending on the expansion rate of the universe (H ≡ ȧ/a), and the
steepness of the scalar potential dV/dφ acting as a driving force. The energy density and the




φ̇2 + V, PBDE =
1
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φ̇2 − V, (2.3)












whose value depends on the competition between the kinetic and potential energy of the
field. Note that wBDE is not allowed to cross to the phantom regime w < −1, since φ is real.
Therefore, when comparing with observations the constraints on the EoS will automatically
lie outside the phantom region. This implicit restriction is not present in other DE alternative
scenarios, such as scalar field doublets and phenomenological parametrizations of the EoS [8],
where is possible that w < −1 and therefore it might happen that these models fit the data
just in the phantom region. The main point is that the constraints on the EoS depend strongly
on the model being tested as well as on the data used in the fit [4, 36].
Although eqs. (2.2)-(2.4) coincide with the Ratra-Peebles potential for α = 2/3, we
stress that both models differ in some important features. First, in BDE the scalar field
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representing DE is not present in the very early universe, but it arises after the particles of
the DG condense at relatively late times. Before that, there is an extra amount of radiation
which impacts the synthesis of primordial elements. On the other hand, the parameters of
the potential Λc and α as well as other relevant quantities such as ac are connected with the
basic properties of the DG instead of being determined by cosmological observations [32]. In
consequence, the evolution of DE in both models is different (see, for example [25]).
We presented the constraints on the BDE model using recent measurements of the CMB
temperature anisotropy spectrum [4], the distance modulus of type Ia supernovae (SNeIa)
[37] and the BAO distance ratio [38–40] in [31, 32]. Our modified version of the Boltzmann
code CAMB [41] used to solve the background and linear perturbation equations, as well as the
modified version of CosmoMC [42] used to sample the parameter space are publicly available.1,2
As we mentioned before, Λc is not a free cosmological parameter, but it can be derived
from fundamental physics. However, present uncertainties on the unification scale ΛGUT
and the unified coupling constant gGUT lead to a still-inaccurate theoretical prediction of
Λthc = 34
+16
−11 eV and consequently we varied Λc in our MCMC analysis. Nevertheless, the
initial conditions of φ at ac are not arbitrary, but also depend on Λc and they don’t need to
be tuned to retrieve an input value of the DE density today. Given the present content of
matter Ωmh2 and Λc, the expansion rate today H0 follows directly from the solution of the
background equations and therefore the set of hard parameters to sample in BDE is the same
size as in ΛCDM, with H0 replaced by Λc as a primary parameter.
According to our results, condensation of BDE occurs at ac = (2.48± 0.02)× 10−6 and
the energy scale of condensation is Λc = 44.09 ± 0.28 eV, which remarkably lies within the
range of our theoretical prediction Λthc . The model is in good agreement with observations.
When comparing to ΛCDM we may look into some information criteria, such as the Akaike
information criterion (AIC) [43] and the Bayesian information criterion (BIC) [44] defined
respectively as
AIC = −2 lnL+ 2k, BIC = −2 lnL+ k lnN, (2.5)
where L is the likelihood, k is the number of hard parameters, and N is the number of points
used in the fit. Since k and N are the same in both models, any difference in these criteria is
solely due to the likelihood [45]. We obtained ∆AIC(BDE−ΛCDM) = ∆BIC(BDE−ΛCDM) = −1.2
favoring BDE for the best fit point. The main difference comes from BAO observations, where
BDE outperforms ΛCDM by LBDE/LΛCDM = e−∆χ
2
BAO/2 = 2.1. Interestingly, BAO and H0
constraints can be combined [32] to lead to tensions with respect to ΛCDM that can be
studied with more detail by upcoming missions.3,4
Another interesting feature of the model concerns the effect of the DG on the production
of light elements during the Big Bang Nucleosynthesis era (BBN). The presence of the DG
represents an extra source of radiation that enhances the expansion rate in the early universe,
which results in a higher temperature of decoupling Tf ∼ (H/G2F )1/5 (where GF is the Fermi
constant) between neutrinos and electrons + positrons, before BBN begins. The resulting
increased value of Tf enhances the neutron-to-proton ratio (n/p) = e−(mn−mp)/Tf (where
mn and mp is the neutron and proton mass, respectively) which in turn favors the synthesis
of helium [46]. Using the interpolation grid from the PArthENoPE code [47] available in












































Figure 1. (a) Evolution of the Equation of State (EoS) of dark energy in the BDE model. (b) Density
parameter of radiation (red), matter (black) and dark energy (blue) in BDE. Inner subplots show these
quantities at late times as a function of the cosmological redshift z. Vertical dotted lines mark the
condensation epoch of BDE (ac), matter-radiation (aeq) and matter-dark energy (aDE) equivalence,
respectively.
Yp = 0.2588 ± 0.0001 and 105D/H = 2.88 ± 0.04, respectively [32]. These bounds represent
an excess of 5 and 12 percent with respect to the ΛCDM constraints Yp = 0.2467±0.0001 and
105D/H = 2.59 ± 0.04, respectively. Although the difference is manifest, the constraints in
BDE are still compatible with current astrophysical data [48–52], considering the dispersion
of the bounds5 and the systematics affecting them [46].
We now describe the dynamics of DE in our model. Figure 1a shows the evolution of the
EoS over time. Before condensation, when the DG is present the EoS is simply wBDE = 1/3.
When condensation occurs, the EoS leaps abruptly to wBDE ' 1 and the scalar field behaves
as a stiff fluid for a while. Next, shortly before recombination (z∗ ≈ 1090) the EoS drops to
wBDE ' −1 and now the scalar field mimics a cosmological constant wΛ = −1. Finally, the
EoS grows at late times reaching its present value wBDE0 = −0.9294±0.0007, which is shown
in more detail in the inner subplot. Note how cosmological data tightly constrain the EoS in
our model. Figure 1b shows the density parameter Ωi = ρi/ρcrit (with ρcrit = 3H2/(8πG), see
eqs. (2.6) and (2.7) below) of matter, radiation and DE. Shortly before condensation the DG
amounts to ΩDG = 0.112 the energy content of the universe. This is also the initial density
parameter of BDE, since the energy of the DG is completely transferred to the scalar BDE
mesons at ac [29]. When the EoS leaps to wBDE ' 1 the energy density of BDE redshifts
as ρBDE ∝ a−6 and the scalar field dilutes more quickly than matter and radiation. This
rapid dilution of BDE just after ac leaves and interesting imprint on the growth of matter
perturbations in linear theory and one of the goals we pursue in this research is to find out
how much of this signature is still present when nonlinear dynamics is taken into account.
The scalar field is rapidly diluted and it remains subdominant for most of the history of
the universe. When the EoS drops to −1 mimicking a cosmological constant, ρBDE = const
and the density parameter of BDE reaches its minimum value and then starts growing, since
5See, for example, table 5 of reference [51].
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Figure 2. (a) Relative difference of the expansion rate (H) in BDE with respect to ΛCDM over
time. In both models, the present amount of matter is Ωm = 0.305 and the expansion rate today is
H0 = 67.68 km s−1Mpc−1. Vertical dotted lines mark the same epochs as in figure 1. (b) Relative
difference of H at late times as a function of the cosmological redshift z.
both matter and radiation are further diluted. Finally, wBDE departs from −1 at late times,
the matter-DE equality epoch arrives at zDE = 0.34, and BDE becomes dominant with
ΩBDE0 = 0.696± 0.007 today.
The immediate effect of this DE dynamics is reflected in the expansion rate of the




(ρm + ρr + ρDG) for a < ac, (2.6)
where ρm ∝ a−3 and ρr ∝ a−4 are the energy densities of matter and SM radiation, re-
spectively, and ρDG = (2Λ4c/[1 − wBDE(ac)])a−4 is the energy density of the DG, with




(ρm + ρr + ρBDE) for a > ac, (2.7)
with ρBDE given by the first expression of eq. (2.3). The modification of the expansion rate
leaves interesting imprints on observable quantities that can be used to constrain the model. A
full discussion on how BDE fits observations and how these fits compare with those of ΛCDM
can be found in [31, 32]. Here we will focus instead on the phenomenological implications
on structure formation that arise solely because of the different DE dynamics. Therefore,
from now on we shall use the same set of cosmological parameters when we compare our
results with the ΛCDM predictions. In this way, any difference we observe is due to the
effects of DE. Figure 2a shows the relative difference (H−HΛCDM)/HΛCDM with respect to a
ΛCDM cosmology with H2ΛCDM =
8πG
3 (ρm+ρr +ρΛ), and ρΛ = Λ/(8πG). Since both models
run with the same set of parameters, H0 and Ωm are the same, which automatically implies
an equal amount of DE at present time (since ρr depends only on the CMB temperature
today). Initially, the DG enhances the expansion rate in BDE by about the 6%. However,
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once the particles of the DG condense into BDE the scalar field quickly dilutes leaving only
matter and standard radiation. Since ρΛ in ΛCDM is still negligible at these times, by the
matter-radiation equality epoch (aeq) arrives the expansion rate in both models is practically
the same and therefore the relative difference is null. Later on, when DE becomes relevant,
the expansion rate in BDE is once again larger as shown in figure 2b in more detail. As we
mentioned before, the density of DE and the expansion rate today is the same in both models.
However, as we run the picture backwards ρBDE ∝ a−3(1+wBDE) > ρΛ, since wBDE > −1 and
therefore the expansion rate in BDE is larger. The maximum deviation with respect to ΛCDM
at late times only amounts to 1.4% at z ≈ 0.5, very close to zDE. As we proceed to earlier
times, ρBDE is frozen to a nearly constant value, since wBDE approaches to −1. However,
although the expansion rate is still larger in BDE, the difference with respect to ΛCDM
gradually vanishes as the matter becomes dominant. The end result of all these processes is
the bump in the plots.
3 Linear and quasilinear structure formation in BDE
3.1 Linear perturbation theory
Large-scale structure formation is mainly driven by the dynamics of the CDM involving
only gravitational physics. In the standard picture, structure formation proceeds from the
collapse of initial small perturbations of CDM into dense knots called halos, which in turn
cluster into filaments and sheets [53]. The resulting DM network serves as the skeleton around
which ordinary matter accretes to form stars and galaxies. By observing these objects we
expect to trace back the underlying structure and learn its properties. The effects of DE on
this process come from the expansion rate and DE perturbations. Unlike the cosmological
constant, alternative models introduce DE inhomogeneities, which do have an impact on the
evolution of radiation and matter perturbations [16, 54–57]. In general terms, the approach
to structure formation depends on the size of the density fluctuations (δ ≡ δρ/ρ̄) around
the homogeneous background (ρ̄) and is roughly divided into three regimes: the linear, the
quasilinear, and the nonlinear regime.
In the linear regime density fluctuations remain small enough to be accurately described
by linear perturbation theory, which can be efficiently implemented in Boltzmann codes such
CAMB [41]. We have studied the effects of BDE on the evolution of matter perturbations in
the linear regime in [31, 32]. Here we summarize our findings. Figure 3a shows the ratio
Qm ≡ δBDEm (k)/δΛCDMm (k) of matter perturbations in BDE and ΛCDM for different modes k
in the Newtonian gauge defined by the scalar potentials Ψ and Φ through the line element
ds2 = −(1 + 2Ψ)dt2 + a2(1 − 2Φ)δijdxidxj , with δij the Kronecker delta [58]. Initially, Qm
is constant since all the modes lie outside the horizon and therefore they do not evolve over
time yet, as expected in this gauge. The initial suppression in BDE is due to the extra
relativistic degrees of freedom of the DG affecting the initial overdensities δm through Ψ
[32, 58]. Perturbations start evolving after the horizon-entry epoch ah defined implicitly by
k = ahH(ah) for each mode. We see that small modes k > kc = acH(ac) = 1.37h Mpc−1
crossing the horizon before ac evolve quite differently than large modes k < kc whose horizon-
entry epoch occurs after that.
Small modes k > kc are further suppressed in BDE since the entry epoch is delayed with
respect to ΛCDM because of the DG. However, once they cross the horizon also in BDE, the
growth rate is larger than in ΛCDM and therefore Qm increases leaving the troughs we see
before ac. Next, when condensation of BDE occurs the EoS leaps abruptly to 1 and the energy
– 7 –
























































Figure 3. (a) Ratio of matter perturbations (in Newtonian gauge) between BDE and ΛCDM for
modes k[hMpc−1] = 10 (black), 6.37 (red), 0.1 (green) and 0.05 (blue). The curve for k = 0.05hMpc−1
overlaps the curve for k = 0.1hMpc−1. The vertical dotted lines mark the same epochs as in figures
1 and 2. (b) Ratio of matter perturbations at late times (as a function of the cosmological redshift,
z) for the same modes.
density is rapidly diluted as ρBDE ∝ a−6 (see figure 1). Although the universe expands faster
in BDE as shown in figure 2a, the growth rate of matter perturbations is further enhanced
since deceleration ä/a = −8πG(2ρr + 4ρBDE)/3 is more efficient because of the extra (fading)
term 4ρBDE, which is larger than 2ρr by 25% at ac. As a result, Qm is boosted above 1
for these modes, reaching a maximum of Qm = 1.085 for k = 6.37h Mpc−1 before matter-
radiation equivalence. After that, matter overdensities scale simply as δm ∝ a during matter
domination and Qm is constant again. Finally, when dark energy becomes dominant at late
times the growth rate in BDE is smaller and Qm is uniformly suppressed for all modes by
−1.14% the constant value it had during matter domination, as shown in detail in figure 3b.
On the other hand, large modes k < kc are mainly affected by this late-time signature of the
model. The transition from the DG to BDE leaves perturbations with the same amplitude
δm ∝ Φ as in ΛCDM, since these modes are still outside the horizon and Φ is the same once
the relativistic degrees of freedom of the DG vanish at ac [58]. The transient leap seen in the
plot is nothing more than a gauge effect arising from the leap of the EoS on the synchronous
potential η used to convert matter overdensities to Newtonian gauge in CAMB.
Although density fluctuations are not gauge-invariant quantities, the resulting enhance-
ment of matter perturbations is a real effect of BDE. We can see this by recalling how CDM





where θ(New) is the divergence of the velocity of CDM in the Newtonian gauge. As we can
see, gauge effects are important on large scales, where aH  k. As times goes by and modes
enter the horizon (aH  k) the second term in eq. (3.1) becomes small, and the value of
the overdensity coincides in both gauges leading to the same ratio δBDEm (k)/δΛCDMm (k) at late
times.
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Figure 4. Matter power spectrum at z = 0 (solid) and z = 4 (dashed) for BDE (blue) and ΛCDM
(red) in linear perturbation theory. The bottom panel shows the relative difference with respect to
ΛCDM.
We see that BDE impacts the evolution of matter perturbations not only at late times
as is expected, but there is also a distinctive imprint left by BDE condensation and rapid
dilution. These two effects are manifest in the matter power spectrum in figure 4, where the
lower panel displays the relative difference with respect to ΛCDM. At z = 0 the spectrum in
BDE is generally suppressed by 2% on all scales because of the late-time dynamics of DE,
but this suppression is overwhelmed on small scales by the enhancement effect due to BDE
rapid dilution at ac, which leads to an excess of power of 15% at k ≈ 6.37h Mpc−1. In fact,
we can isolate these two effects by looking at the spectrum at earlier times, when DE is not
dominant yet. For example, at z = 4 matter perturbations on large scales have the same
amplitude as in ΛCDM as shown in figure 3. At that time the spectrum is not suppressed
yet and the only feature we see in figure 4 is the excess of power on small scales.
It is important to bear in mind the physical context where these predictions hold. First
of all, modes evolve uncoupled each other in linear theory, which means that there is no
transfer of features between different scales. Secondly, the imprint left by BDE dilution on
the matter spectrum is a relic effect of physical phenomena that took place in the early
universe, almost 5 e−folds before matter-radiation equivalence. The small modes where this
feature is imprinted have grown enough to enter the nonlinear regime, where new phenomena
comes into play and linear perturbation theory is not valid anymore. Among the questions we
address in this research is to determine how much of this signature remains when nonlinear
phenomena are taken into account.
3.2 The spherical collapse model in BDE
Before considering the dynamics of fully-nonlinear structures, it is very instructive to look at
an intermediate regime where the transition from small perturbations to collapsing objects
takes place. The spherical collapse model is the simplest approximation capturing some of the
main features of this process. In the basic implementation of the model we consider a spherical
overdense region embedded in a flat FLWR background. Initially, the overdense region has a
– 9 –
radius Ri and expands together with the background at a progressively decreasing rate until
reaching a maximum size Rmax, where the expansion of the sphere halts and is subsequently
reversed. According to the model, the contraction of the sphere after the turnaround epoch
continues until the whole region collapses to a point Rc = 0 and the density diverges to
infinity. This unphysical state is not reached in nature, but the collapse of the sphere is also
halted by a relaxation mechanism leaving the region in a final state of virial equilibrium with
some finite size.
The evolution of a spherical overdense region with a top-hat density profile and radius





(ρ+ 3P ), (3.2)
where ρ = ρ̄ + δρ and P = P̄ + δP are the total energy density and pressure in the sphere.
The formation of non-linear structures takes place at relatively late times, where the content
of radiation in the universe can be neglected. Moreover, since DE in BDE is also very
homogeneous on sub-horizon scales [32], we may assume that density inhomogeneities are
restricted to matter, and therefore ρ = ρ̄m(1 + δm) + ρ̄BDE and P = P̄BDE. Equation (3.2)
is coupled with the Klein-Gordon (2.2) and Friedmann (2.7) background equations as well as
with a conservation equation for the total matter density within the sphere, ρ̇m+3(Ṙ/R)ρm =
0. These expressions can be combined [26, 59] into a single equation of motion for δm as






where the linear and non-linear terms are clearly identified on the left and the right hand side
of the equation, respectively. The influence of DE is reflected in the friction term proportional
to H, which is different from cosmology to cosmology. Initially δm is small enough to neglect
quadratic terms and the system evolves linearly. However, as time goes by, these terms
become relevant and the system enters the non-linear regime, where δm grows until diverging
at a time of collapse tc.
Solving eq. (3.3) allows us to get the linear extrapolation at tc of the critical initial
overdensity that leads to collapse at that time (δc). This quantity can be used to estimate
the abundance of structures in the universe and therefore to search for possible imprints of
DE [59, 60]. In an Einstein-de Sitter cosmology (Ωm = 1) it is found that δEdSc ≈ 1.686,
with no dependence on the redshift [61]. This result is no longer valid when DE is present.
Following [26, 59], to get δc in BDE we first determine the initial condition for δm in eq.
(3.3) leading to collapse at a given input redshift zc. We choose the initial time zini = 300
and set δ̇m(zini) = 0, since the sphere starts expanding with the Hubble flow. The value of
δm(zini) can be efficiently determined through a binary search using trial values δminm (zini)
and δmaxm (zini) whose redshifts of collapse encapsulate zc as zmaxc < zc < zminc . The search
stops when convergence below an accuracy threshold ∆z = 10−4 around zc is achieved. Once
we have δm(zini) and using δ̇m(zini) = 0 we solve the linear version of eq. (3.3), where the
right hand side is zero, and get δc as the value of the solution at zc.
Table 1 shows the value of δc in BDE for different redshifts. We attach the corresponding
results for standard ΛCDM with the same content of matter and expansion rate today. At
large z matter is dominant and δc tends to δEdSc irrespective of the dynamics of the DE,
as expected. On the other hand, as DE becomes relevant at lower redshifts, the amount of
Hubble friction is larger, which suppresses linear growth and leads to δc < δEdSc both in BDE
and ΛCDM. However, from figure 2b we see that the amount of Hubble friction is larger in
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Model zc = 1 zc = 0.8 zc = 0.5 zc = 0.2 zc = 0
δc δc δc δc δc
BDE 1.686 1.684 1.682 1.679 1.675
ΛCDM 1.686 1.685 1.683 1.680 1.676
Table 1. Linear extrapolation at zc of the critical initial overdensity that leads to collapse at that
time in the spherical collapse model. Both in BDE and ΛCDM the present content of matter is
Ωm = 0.305 and the expansion rate today is H0 = 67.68 km s−1Mpc−1.
BDE and therefore δc is still smaller, as confirmed in table 1. Nevertheless, the difference
∆δc/δ
ΛCDM
c . 0.06% for 0 6 z 6 1 is small enough to be of some importance.
The abundance of structures in the universe is expressed by the halo mass function
(HMF), which quantifies the distribution of the number density of halos per unit mass. From
an experimental point of view, to know the HMF is important because it allows to constrain
cosmological parameters from observations of galaxy clusters [62]. On the theoretical side, the
HMF is an input ingredient for modeling galaxy formation [63]. There are many estimations









where dn/d lnM is the differential number density of structures per logarithmic mass bin,
ρ̄m0 is the background density of matter today, and f(σR) is a function of the variance of the






k3P (k, z)|WR(k)|2d ln k, (3.5)
where P (k, z) is the linear matter power spectrum, and WR(k) is the Fourier transform of a
top-hat spherical function of radius R enclosing a mass M = 4/3πρ̄m0R3.
The explicit functional form of f(σR) may be completely deduced from theoretical con-
siderations as done in the original Press-Schechter theory [65], where spherical collapse is
assumed and the abundance of structures is estimated by counting the number of overdense





































where A = 0.3222, a = 0.707‖, and p = 0.3 are additional parameters whose value is set
by calibrating with numerical simulations. These additional parameters are not completely
independent, but they are related by a normalization condition [67, 68]∫ ∞
0
f(σ)d lnσ = 1, (3.8)
‖Not to be confused with the cosmological scale factor.
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Figure 5. Mass function for BDE (blue) and ΛCDM (red) at z = 0 using the Press-Schechter [65]
and the Sheth-Tormen [66] formulas. The lower panel shows the relative difference with respect to
ΛCDM. The shaded area marks the mass range probed by our N-body simulations (section 4.3).
which means that all of the dark matter is clustered in halos. The Press-Schechter and the
Sheth-Tormen formulas are the only analytical distributions derived at present time [69].
Other forms of f(σR) are either extensions of these functions or empirical formulas designed
to improve the fit to the HMF measured in numerical simulations. A thoroughly study of
the adequacy of the different HMF to our simulations is beyond the scope of this research.
Here we will limit our analysis to the Sheth-Tormen formula. However, even in this case the
evidence gathered over the last years shows that if eq. (3.7) is to accurately fit simulations,
there is a dependence on the redshift and cosmology that is necessary to take into account
[26, 68, 70]. In practical terms this means that the parameters A, a, and p have to be
recalibrated according to the model and the epoch being considered. We delve into the effects
of recalibrating these parameters in section 4.3.
Figure 5 shows the predicted mass function for BDE and ΛCDM at z = 0 using the Press-
Schechter and the Sheth-Tormen formulas. We have used the corresponding value of δc of table
1 and the recalibrated values of A, a, and p (see table 3). For the sake of reference, the shaded
area shows the mass range spanned in our N-body simulations (see section 4.3). Despite the
systematic discrepancy between the Press-Schechter and the Sheth-Tormen predictions, the
difference between BDE and ΛCDM is very similar. We see that there are less structures
in BDE for M & 1 × 1014h−1M, where we found that σΛCDM > σBDE and consequently
the mass function is more suppressed by the exponential term in f . The opposite occurs
for light structures, where the abundance is enhanced in BDE reaching an excess of 4% at
M ≈ 4.1× 1011h−1M.
4 Nonlinear structure formation in BDE
4.1 N-body simulations setup
In order to determine how BDE affects structure formation in the nonlinear regime, we pre-
pared a suite of numerical simulations using the adaptive mesh refinement N-body code
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Number of particles Npart = 5123
Box size Lbox = 200h−1 Mpc
Mass of DM particles Mpart = 5.05× 109h−1M
Initial redshift zini = 49
Final redshift z0 = 0
Realizations 5
Baryon density Ωbh2 = 0.02252
Dark matter density Ωch2 = 0.1173
Dimensionless Hubble parameter h = 0.6768
Spectral scalar index ns = 0.9774
Amplitude parameter As = 2.367× 10−9
Optical depth at reionization τ = 0.117
Table 2. Technical specifications and cosmological parameters of the N-body simulations considered
in this paper. The present amount of matter and DE is Ωm = 0.305 and ΩDE = 1 − Ωm = 0.695,
respectively. Given the basic cosmological parameters, the corresponding value of σ8 at z = 0 (see eq.
(3.5)) is σBDE8 = 0.854 for BDE and σΛCDM8 = 0.864 for ΛCDM, respectively.
RAMSES [71]. This code allows the computation of high-resolution gravitational interactions
by automatically refining the spatial grid in those regions where the number of particles ex-
ceeds some threshold. Since BDE does not appreciably cluster on sub-horizon scales [32],
we modeled DE as an homogeneous component in our simulations [18], and thus we solely
modified RAMSES to account for the corresponding background expansion rate H, eq. (2.7).
This can be efficiently done by interpolating from a precomputed table (a,H) instead of
solving the Klein-Gordon (2.2) and Friedmann (2.7) equations during the run [20]. Table 2
lists the setup of our simulations and the cosmological parameters we used in our analysis.
This is the same set of cosmological parameters we have been using in our previous discus-
sions. The corresponding density parameter of matter and DE today are Ωm = 0.305 and
ΩDE = 1 − Ωm = 0.695, respectively. We also prepared a suite of N-body simulations for
ΛCDM using the same configuration. As we mentioned before, we shall use the same cosmo-
logical parameters to isolate the effects of the dynamics of DE on the quantities we study.
We ran five realizations in each model, varying the seed for the initial conditions, which were
accordingly prepared using the second-order Lagrangian perturbation code 2LPTic [72]. All
simulations ran from zini = 49 up to the present epoch z0 = 0. For BDE we modified 2LPTic
so that the program just takes as input the full linear power spectrum from CAMB at zini and
returns the corresponding positions and velocities of the DM particles at that time. Later
on, we measured the spectrum at zini in our simulations and verified that the initial linear
spectrum of CAMB is consistently retrieved.
4.2 Matter power spectrum
We measure the matter power spectrum in our simulations using the public code POWMES
[73] with a grid size of Ng = 2N
1/3
part = 1024 to achieve a high resolution. This allows us to
measure the spectrum up to k = 32h Mpc−1 large enough to probe any excess of power on
small scales, as predicted by linear theory. Figure 6 shows our results at different redshifts.















































Figure 6. Matter power spectrum in BDE (blue) and ΛCDM (red) at different redshifts. In the
top panel the symbols show the average of the nonlinear spectra measured in our simulations across
the five realizations, while the error bars indicate the standard deviation. The solid curves show
the predictions from the linear theory. The lower panels display the relative difference of BDE with
respect to ΛCDM of the nonlinear power spectrum (symbols) and the linear theory (solid).
using CAMB, while the symbols show the binned spectra measured in our simulations (Pnl),
and the error bars indicate the standard deviation across the five realizations for each model.
The lower panels show the relative difference with respect to ΛCDM in linear theory (solid)
and in our simulations (symbols).
On large scales k . 0.1h Mpc−1, where linear theory is valid and the spectrum is mainly
determined by the spatial distribution of the halos [53, 74], the results of our simulations
agree with linear theory, as expected. At high redshifts there is no difference with respect
to ΛCDM, but as time goes by the spectrum in BDE is gradually suppressed from −1% at
z = 0.8 to −2% today. This feature is just the late-time suppression effect due to the distinct
DE dynamics in BDE, which affects all the modes in the same way, as we previously discussed
in section 3.1. In the intermediary regime 0.1h Mpc−1 . k . 1h Mpc−1 nonlinear corrections
start to come into play especially at late times, where collapsing structures have evolved so
much since they broke away from the background expansion. However, the departures from
ΛCDM in the simulations are essentially the same as those the linear theory predicts, except
for the slight suppression near k = 1h Mpc−1, which at z = 0 drives further the difference
between BDE and ΛCDM to −3% around k ≈ 0.6h Mpc−1.
It is interesting to see what happens on small scales k & 1h Mpc−1. We recall that in this
regime linear theory predicts more power in BDE as a consequence of the modification of the
expansion rate of the universe when the scalar field is rapidly diluted after ac. The enhance-
ment of matter perturbations affects the modes k & kc = 1.37h Mpc−1 crossing the horizon
before ac, leaving a maximum deviation with respect to ΛCDM at kmax ≈ 6.37h Mpc−1, as
seen in the plots of the bottom panels of figure 6. Note that the position of the peaks re-
mains the same and it is only the height that is decreasing because of the mode-independent
































Figure 7. Ratio of the nonlinear power spectrum (Pnl) to the predictions of the linear theory (Pl)
in BDE and ΛCDM at different redshifts. The symbols show the average across the five realizations
and the error bars indicate the standard deviation.
N-body simulations, power is transferred from large to small scales [74] and the excess of
power in BDE is washed out leaving only a weak trace below 1% at z = 0 on the smallest
scales we were able to probe. The dilution of the peak proceeds long before the linear late-time
suppression effect becomes relevant. For example, although there is still more power in BDE
at z = 4, the difference with respect to ΛCDM in the simulations is already very distinct from
linear theory. However, once linear suppression comes into play it also affects the residuals
in the simulations, as seen by the uniform downward drift of the markers between z = 0.8
and z = 0.2. Finally, at late times the difference in the nonlinear spectra decouples from the
linear suppression effect, as shown by the mild extra flattening of the markers at z = 0 on
the smallest scales. We can compare how much nonlinear effects are present in each model





where each term Pnl/Pl accounts for the difference between the spectrum measured in the
simulations and the spectrum obtained from linear theory. Figure 7 shows this ratio at
different times. On large scales nonlinear corrections are small in both models and therefore
R ≈ 1 as expected. On smaller scales, where nonlinear dynamics becomes dominant R < 1,
which means that (Pnl/Pl)ΛCDM > (Pnl/Pl)BDE and consequently the nonlinear corrections
are more acute in ΛCDM, thus diluting the gained power in BDE since ac. Moreover, nonlinear
effects in ΛCDM are stronger at late times as shown in the plot, where R(z = 4) > R(z  1)
for the smallest scales.
4.3 Halo mass function
We built the halo catalogs in our simulations using the halo finder ROCKSTAR [75]. This code
identifies dark matter halos and substructures by implementing an extended version in the 6D
phase space of the Friends-of-Friends (FOF) algorithm, where overdense regions are identified
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Figure 8. Halo mass function (HMF) in BDE (blue) and ΛCDM (red) at different redshifts. In the
top panels the symbols show the average of the HMF measured in our simulations across the five
realizations, while the error bars indicate the standard deviation. We have selected halos consisting
of at least 100 DM particles, M200c > 100Mpart = 5.05 × 1011h−1M, with subhalos filtered out.
The solid curves show the predictions from the Sheth-Tormen formula [66] after recalibrating the
parameters A, a, and p in eq. (3.7)—see table 3— and using the corresponding values of the density
collapse δc of table 1, while the dashed lines show the distributions with the standard values A =
0.3222, a = 0.707, and p = 0.3. The lower panels display the relative difference of BDE with respect
to ΛCDM of the measured HMF in our simulations (symbols) and the Sheth-Tormen formula (solid
and dashed lines).
contained within a sphere of virial radius R∆c whose mean density is ∆c = 200 times the







To estimate the halo mass function we have considered parent halos consisting at least of 100
DM particles (M200c > 100Mpart), which yields a resolution in mass of 5.05 × 1011h−1M,
and we also filtered subhalos out. Figure 8 shows our results. The symbols in the top panels
display the average across the five simulations, while the error bars indicate the standard
deviation, and the lower panels show the relative difference with respect to ΛCDM. We get
accurate measurements of the halo mass function in our simulations for masses between
∼ 1012h−1M and 1014h−1M corresponding to galactic-sized and small cluster-sized halos,
respectively. In all redshifts the halo mass function is larger in BDE in the low-mass end
of the plots by 4%. However, the difference with respect to ΛCDM decreases with the mass
and eventually there are fewer heavy halos in BDE, although the large error bars due to the
small number of structures in the high-mass end M200c & 1014h−1M don’t allow us to draw
further quantitative conclusions. Interestingly, the location of the crossing point separating
these two regions in the residuals shifts slightly to the right as we can see by comparing the
snapshots at z = 1 and z = 0. The BDE model has a stronger clustering power on small
scales since the initial time, which means that more small halos form in this regime. On the
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Redshift BDE ΛCDM
A a p A a p
z = 1 0.290 0.706 0.330 0.287 0.700 0.333
z = 0.8 0.285 0.695 0.335 0.282 0.690 0.337
z = 0.5 0.282 0.718 0.337 0.281 0.720 0.338
z = 0.2 0.277 0.753 0.342 0.274 0.759 0.344
z = 0 0.270 0.785 0.347 0.267 0.780 0.350
Table 3. Recalibrated values of the parameters A, a, and p of the Sheth-Tormen formula, eq. (3.7)
for different redshifts. In each case, we used the corresponding value of δc listed in table 1. Since the
amplitude A is fixed by the normalization condition eq. (3.8), only a and p were freely varied in the
fitting process.
other hand, large heavier structures form more slowly in BDE for the same reason as P (k) is
suppressed at small k, namely, structure formation on large scales is affected strongly by the
expansion history of the universe.
We compared the halo abundances measured in our simulations with the predictions of
the Sheth-Tormen formula by using the proper values of δc listed in table 1 and recalibrating
the parameters a and p of eq. (3.7). This is done by fitting a and p to minimize the quantity∑
[(dn/d lnM)ST/(dn/d lnM)sim− 1]2, which accounts for the difference between the predic-
tions of the Sheth-Tormen distribution (dn/d lnM)ST and the halo mass function measured
in the simulations (dn/d lnM)sim. The sum runs over the mass bins and the amplitude A
is inferred from the normalization condition eq. (3.8). Table 3 lists the recalibrated values
of A, a, and p. Clearly, there is a moderate variation of these parameters over the time in
each model (e.g., ∆A = 7.4% from z = 0 to z = 1 in BDE). However, the differences between
ΛCDM and BDE at a given redshift are only about 1%. The solid lines in figure 8 show the
corresponding distributions, while the dashed lines are the distributions with the standard
values A = 0.3222, a = 0.707, and p = 0.3. The Sheth-Tormen formula describes the halo
abundances in the simulations with a precision 6 15% after recalibrating. This is particularly
important at late times, where the formula with the standard values overpredicts the number
of structures in the high-mass end, as seen in the top panels. At early times, recalibration
does not represent a significant improvement. However, although the Sheth-Tormen formula
captures the excess of small structures and the deficit of heavy objects in BDE, the residuals
with respect to ΛCDM in the range M200c ∼ 1012 − 1013h−1M are a little bit overpre-
dicted. In view of these results, we conclude that the Sheth-Tormen formula can be used to
parametrize the abundances of structures in BDE, but this parametrization is still of limited
utility to meet the needs of high-precision cosmology.
4.4 Halo concentration parameter





where R200 is the virial radius given in eq. (4.2), and rs is the characteristic radius obtained
by fitting the halo to a Navarro-Frenk-White profile [75, 77, 78]. Figure 9 shows our results.













































Figure 9. Halo concentration parameter in BDE (blue) and ΛCDM (red) at different redshifts. In
the top panels the symbols show the average of the halo concentration parameter measured in our
simulations across the five realizations, while the error bars indicate the standard deviation. We have
selected massive halos consisting of at least 500 DM particles,M200c > 500Mpart = 2.52×1012h−1M
with subhalos filtered out. The solid curves are the best-fitting curves of the power-law function defined
in eq. (4.4) with parameters given in table 4. The lower panels display the relative difference of BDE
with respect to ΛCDM of the halo concentration parameter measured in our simulations.
500Mpart) to balance the compromise between resolution and halo statistics in our simulations.
In the top panel the symbols correspond to the mean values across the five realizations, while








where the amplitude α and the slope β depend on the redshift. We compile the best-fit
values of these parameters in table 4. The lower panel shows the relative difference of BDE
with respect to ΛCDM in our simulations. We see that the concentration-mass relation in
BDE has the same features found in ΛCDM [77, 79, 80], to wit: i) the relation flattens for
increasing z as reflected in the progressively smaller values of the slope β at late times in
table 4, ii) the concentration of halos of fixed mass increases with time, as shown by the
increasing values of the amplitude α, and iii) the concentration of halos at a given redshift
decreases with the mass, as determined by the negative sign of β. The power-law function of
eq. (4.4) fits well the concentration measured in our simulations, except in the low-mass end
at z & 0.2, where the function overpredicts the numerical results. However, we recall that
the halo concentration-mass relation measured in other simulations exhibits more complex
features to be captured by a simple fitting function [77, 81–83], such as a flattening and an
upturn for large masses, as well as a positive slope for large redshifts, which were beyond the
reach of our simulations and require a more robust analysis.
As far as the difference between BDE and ΛCDM is concerned, we don’t find any sub-
stantial departure from ΛCDM, save a hint of more concentration in BDE by . 1% for
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Model z = 1 z = 0.8 z = 0.5 z = 0.2 z = 0
α β α β α β α β α β
BDE 4.387 -0.037 4.841 -0.051 5.644 -0.063 7.204 -0.109 7.882 -0.112
ΛCDM 4.279 -0.032 4.743 -0.047 5.610 -0.065 7.049 -0.106 7.540 -0.100
Table 4. Best-fitting parameters of the power-law relation of eq. (4.4) to the halo concentration
parameter measured in our simulations at different redshifts. These parameters were computed by
performing a non-linear least squares fit as implemented in the scipy library of the Python package.
M200 . 1013h−1M. In any case, these results show the low sensitivity of the halo concen-
tration parameter to H, which suggests that clustering inside the halos is decoupled from the
general expansion once they form.
5 Summary and Conclusions
In this paper we studied cosmic structure formation in the Bound Dark Energy (BDE) model.
BDE is an alternative quintessence theory, where the scalar field describing DE is explained
at a fundamental level by physics beyond the Standard Model. In BDE we introduce a hidden
group of elemental light particles that are weakly coupled at high energies. These particles
condense into composite states when a critical energy scale Λc is reached and the gauge
coupling of the hidden group becomes strong. DE is represented by the lightest formed state,
which corresponds to a scalar meson particle described by a canonical scalar field φ with an
IPL potential V (φ) = Λ4+2/3c φ−2/3. The dynamics of DE and its cosmological implications
differ from other quintessence scenarios, such as the Ratra-Peebles potential. Particularly,
in BDE the expansion rate of the universe is affected not only at late times (as expected),
but also in the early universe soon after condensation occurs. Interestingly, this leads to
an enhancement (with respect to ΛCDM) of matter perturbations on small scales in linear
perturbation theory.
The main issue we addressed in this paper was to investigate the impact of BDE on non-
linear structure formation through N-body simulations. Here we focused on the phenomenol-
ogy of the model rather than analyzing how it fits cosmological observations. In order to
identify the differences arising from the distinct DE dynamics, we compare our results with
ΛCDM simulations with the same setup and cosmological parameters. Our results show that
nonlinear gravitational interactions remove any trace of the enhancement predicted by linear
theory from the late-time matter power spectrum. This is because nonlinear corrections on
small scales are more pronounced in ΛCDM, thus compensating the initial gained power in
BDE after condensation. However, it is still possible to observe remnants of this signature
at redshifts within the reach of surveys. For example, at z = 4 the BDE spectrum has more
power than ΛCDM by 5% on scales k & 10h Mpc−1. On the other hand, the spectrum in
BDE is gradually suppressed on large scales as DE becomes dominant. At present time, the
suppression amounts to 2%.
The halo mass function measured in our simulations shows an excess of small halos
(M200c ∼ 1012h−1M) in BDE followed by a gradual suppression of heavy structures (M200c &
1014h−1M). These results suggest that nonlinear clustering proceeds more efficiently in
BDE on small scales, while the formation of large heavier structures is delayed because of
the general expansion. The Sheth-Tormen fitting formula provides a fair estimation of the
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halo mass function in BDE capturing up to some limited degree the difference with respect to
ΛCDM. The halo concentration parameter measured in BDE follows the same behavior than
standard ΛCDM and the concentration-mass relation is well fitted by a power-law relation.
However, we did not find substantial differences with respect to ΛCDM, which suggests that
clustering inside halos is decoupled from the general expansion once the halos form.
In view of all these results, we conclude that BDE and ΛCDM are strongly degenerated
in the nonlinear regime of structure formation. However, we stress that our analysis was
limited to the case when both models run with the same set of cosmological parameters. It
might occur that when we compare realistic scenarios, the small differences we found here
become more pronounced. So far, the main source for discriminating BDE and ΛCDM comes
from BAO measurements and BBN nucleosynthesis [31, 32]. There is still the intermediate
regime of voids where we can look at. We leave this possibility for a future work.
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